The correct prediction of shear stresses in lubricants applied to concentrated rolling/sliding contacts has been an issue of intense debate for many years. Traction testers of various kinds such as two-disc roller rigs or ball on disc apparatus have been extensively used in order to obtain experimental data, as well as, more recently, molecular dynamics simulations. Several, partly competing, phenomenological models have been developed to describe the dependence of shear stresses on various parameters. Evidently, the importance lies in the need to predict and reduce friction, or, more accurately, resistance to motion of rolling element bearings in order to increase efficiency of machines and vehicles. Also, it plays a crucial role in design and performance of traction drives. As a prerequisite, experimental data for a wide variety of fluids were obtained from two-disc roller tests with a wide variation of contact pressures, rolling speeds and slide-to-roll ratios. Following earlier investigations, the amount of slip created by the elastic deformation of the discs was separated from the contribution of the fluids and their rheological properties. In accordance with experiments of Jacobson a threshold pressure in the fluid was identified which marks the onset of a nearly linear relationship between a limiting shear stress and pressure. However, this threshold does not appear to be constant but rather declining with decreasing hydrodynamic film thickness respective of rolling speed, while the slope changes to a lesser extent. When measurements were extended far into the mixed lubrication regime close to the limiting case of boundary lubrication, the shear stress/ pressure relationship became quasi-Coulomb with a virtually zero threshold pressure. These results have successfully been used to predict the friction torque of angular contact ball bearings and the traction characteristics in toroidal drives.
Introduction
The rheology of lubricating fluids has been studied for a long time, but there are still some aspects which continue to be subject to debate. In the study of Bair and Kotzalas, 1,2 two of those are addressed:
(a) the existence and nature of a limiting shear stress; (b) the determination of the elastic modulus of fluids.
Especially, there are still questions how to interpret traction-creep curves measured at roller test machines with respect to basic rheological properties of the investigated fluids.
In this article, traction measurements involving a wide range of parameter variations at a two-disc roller test rig are re-evaluated with the aim to promote the ongoing discussion. Figure 1 shows typical traction measurements with a two-disc roller test machine ( Figure 2 ). Figure 1 (a) and (b) shows the mean Hertzian contact pressure and the rolling speed, respectively, which are the varied parameters, while the oil inlet temperature is controlled to be a constant 60 C.
The oil is directly fed into the contact via a nozzle with a thermal sensor incorporated. Almost identical results were already obtained by Plint 5 as early as 1967 and analysed in detail by Johnson and Cameron 6 and Dyson. 7 The degressive trend of the curves with an almost linear region close to the origin and a levelling out, a plateau or a pronounced maximum and a subsequent decline at high slip values may be interpreted as an Eyring type 8 shear rate-dependent viscous behaviour
the superimposition of an elastic contribution to shear 9 Figure 1 . Traction coefficients plotted versus slide-to-roll ratio measured on the two-disc roller rig at Hannover University for (a) different average contact pressures 3, 4 and (b) different rolling speeds. 4 Figure 2. Two-disc roller rig at Hannover University used for the traction measurements in Figure 1 .
or the additional introduction of a limiting shear stress
The latter equation describes a Maxwell model with an in-line arrangement of three elements: a spring, a viscous dashpot and a damper with 'dry' friction ( Figure 3) . It is also known as the Bair-Winer model.
There are a number of other possible equations given in the study of Bair and Winer 10 and it should be noticed that these approaches mainly attempt to approximately describe experimental results in combination with more or less hypothetical physical models.
It is interesting to note that for dry rolling contacts, curves similar to Figure 1 may be obtained and, according to the theoretical approach of Carter 11 which gave the first exact solution for pure line contacts, can be described by
In this case, slip or creep originates from the elastic deformation of the contacting bodies. When Coulomb friction prevails, the coefficient of sliding friction f max represents an upper limit to traction very much like a limiting shear stress in lubricated contacts. Coulomb's law in fact describes the limiting case where the maximum shear stress during sliding is strictly proportional to contact pressure. Therefore, an initially linear region of the traction curve around the origin has to be followed by a non-linear transition to sliding with a constant coefficient of friction. During the transition, there is a growing area of slip in the contact area where the limiting shear stress is reached (Figure 4) . A contact lubricated by a fluid with purely elastic properties and a limiting shear stress strictly proportional to pressure would yield the same traction characteristics as a dry contact of solid bodies. It can simply be regarded as an elastic layer on top of the solid rolling elements ( Figure 5 ).
However, in contrast to Coulomb-type solid friction, in the case of a lubricant film, viscous relaxation substantially alters the shear stresses related to a specific amount of shear. Hence, the maximum traction shifts to higher slip values. Higher rolling speeds and therefore shorter passage times through the contact principally reduce the effect of relaxation. Therefore, in contrast to dry contacts with Coulomb type friction, there will be an influence of rolling speed. Thermal effects are present in solid contact, boundary and full film lubrication to a different extent, but generally tend to reduce friction at elevated sliding velocities. Therefore, there should be always a maximum of traction rather than a true plateau representing the isothermal limiting shear stress, provided one reaches sufficiently high sliding velocities. This is indicated in Figure 1 with curves representing a constant frictional loss per unit contact area. The traction maxima or, in other words, the onset of decline of traction always occur around a value of 4 W/mm 2 . Given the Peclet numbers involved, heat transfer via the contact surfaces into the adjacent solid bodies may be assumed to prevail and, therefore, a similar frictional loss per unit contact area indicates similar temperatures in the contact. The negative slope of traction curves beyond the maximum is therefore confirmed to be a thermal effect, as described among others in the study of Olver and Spikes 13 and Tevaarwerk.
14 In order to extract the information regarding the rheological properties of the fluid, the contribution of the contacting solid bodies to slip has to be subtracted, as proposed by Bair following a discussion with the author of this article. 1 However, to do so, very accurate measurements are required and, sometimes, as with fluids investigated in the study of Bair and Kotzalas, 1 it appears as if there is no elastic contribution of the fluid at all and the tangent of the traction curve at the origin is merely due to the elastic deformation of the contacting bodies.
An additional effect which may be of great influence when evaluating different speeds and temperatures is a possible transition from full film lubrication to mixed or even boundary lubrication due the variation of film thickness. In case one wants to determine the elastic modulus G 1 , the rolling speeds should be high and therefore film thicknesses will be high. In case one wants to study viscosity and reduce the influence of elasticity by increasing relaxation time, one prefers very low speeds which lead to thinner films. Then, the maximum or possibly limiting shear stress may partly be due to Coulomb type boundary friction and the ratio of fluid film thickness to roughness has to be carefully observed. One interpretation of measurements is to assume strict proportionality between pressure and limiting shear stress, that means an almost linear relation which passes through the origin. 15 Others, like Bair 10 and Jacobson 16 also report measurements where the linear increase starts from a threshold value of pressure. This leads to the question if the extrapolation of measurements through the origin found in literature is always correct. The following evaluations start from the hypothesis that the assumptions underlying the Bair-Winer model hold true. The objective was to check if the measured behaviour could be reproduced on the basis of this hypothesis and its implications, especially:
(a) there is a limiting shear stress; (b) the shear of the lubricant in the EHD-film is partly elastic, partly viscous.
These two aspects will be separately addressed in the following paragraphs.
Limiting shear stress
The easiest way to derive approximate values for postulated limiting shear stresses from measured traction curves in rolling contact is to evaluate the maximum traction coefficients determined for different Hertzian pressures, rolling speeds and oil inlet temperatures ( Figure 1) .
By relating the corresponding resulting tangential forces to the respective Hertzian contact areas, one obtains a mean shear stress for the contact, or one may also multiply the mean Hertzian pressure with the traction coefficient
and therefore
Consequently, it should then be plotted versus the mean Hertzian pressure (Figures 6 and 7 ). This averaging approach is a first approximation, as it would only represent the exact correlation between limiting shear stress and pressure in case there would be a strict proportionality between pressure and shear stress throughout the contact. Also, as mentioned before, it is not possible to measure isothermal limiting shear stresses.
However, as the evaluated maxima are all roughly subject to the same frictional heating, the resulting plots at least represent maximum average shear stresses at a fairly constant average contact temperature. Therefore, the experimentally determined maximum average shear stresses are subsequently simply addressed as limiting shear stresses. On the other hand, there are important variations of film thickness as a result of the purposely varied speeds and oil inlet temperatures and therefore, the ratios are indicated as well. Here, the classic formula for is used
Figure 6 was obtained with the ester oil 1 (Table 1 ). Figure 7 originated from measurements with the mineral oil 2. For a better understanding, the same results can also be represented with 3D plots like in Figure 8 . The central film thickness is calculated according to Hamrock and Dowson. 17 The viscosity values were determined in an oscillating quartz rheometer 18 at the Institute of Tribology and Energy Conversion Machinery at the Technical University of Clausthal ( Figure 9 ). The mean shear rates were selected to be well within the range occurring in the evaluated experimental investigations. The 'S-shape' of the curves is a characteristic of glass forming liquids and in line with the free volume theory. 18 It may be described according to Tait-Doolittle. 19, 20 From these measurements, pressure viscosity coefficients were derived based on the Barus approach 21 22 to result in a good approximation of experimental values of film thickness as the inlet region with its moderate pressures dominates film formation. This is confirmed by interferometric film thickness measurements with a ball-on-disc apparatus ( Figure 10 ). As a conclusion, the experimental evidence does not discredit the concept of limiting shear stress. The relationship with pressure found here is principally in accordance with the Mohr-Coulomb failure criterion, 23 indicating the formation of shear bands. 24 However, according to the evaluations in this article, the limiting shear stresses would not be strictly proportional to pressure, but rise almost linearly beyond a pressure threshold value. The threshold value would then decrease with rolling speed as well as with temperature, as long as full film lubrication prevails. As similar, but not exactly equal, contact temperatures at the traction maximum may be assumed for all speeds, it is not certain if the influence of speed is thermal, too, or an effect in its own right possibly related to transit times through the contact or film thickness. When entering the mixed lubrication regime around ¼ 1, the threshold values will rapidly decrease until a quasi-Coulomb relationship with a strict proportionality between maximum shear stress and mean pressure is reached at very low ratios at the transition from mixed to boundary lubrication. This happens through a reduction in rolling speed as well as through a continued increase in temperature. In Figure 6 (b), at 2 m/s, this effect of temperature is clearly visible as the thinner ester oil 1 does not allow for full film lubrication. At 12 m/s, there is a reversal of the trend when increasing the temperature beyond 60 C as this encompasses a transition from full film into mixed lubrication. In Figure 7 (b), for the mineral oil 2 with higher viscosity, the same temperature increase clearly reduces shear stresses as full film lubrication continues to prevail. In Figure 7 (a), measurements with the wellknown traction fluid Santotrac 50 are included which show a behaviour qualitatively very similar to the mineral oil 1, albeit with a lower threshold value and a steeper slope. Once again, it should be noted that the limiting shear stress values derived here are the results of an averaging across the contact and, therefore, do not truly correspond to the respective pressures, except for the high pressure range where the portion of the contact zone with pressures below the threshold may be negligibly small. At low and medium contact pressures, there will be substantial parts of the contact where the local shear stresses do not follow the linear limiting shear stress relationship and this will be reflected by the averaged values.
More insight can be gained by analysing the complete trend of the measured traction curves. However, for this purpose, one needs to define the other parameters in formula (3), which are elastic modulus and viscosity. Viscosity depends on pressure in a strongly non-linear way, which, together with the near Hertzian pressure distribution in the film, leads to extreme viscosity variations. Averaging across the contact can therefore not be used to identify the true viscous properties of the lubricant. Moreover, as the critical shear stress which limits Newtonian behaviour is easily exceeded at the pressures applied in the evaluated measurements, shear thinning will certainly occur, although partly being obscured by the dominance of the limiting shear stresses. Therefore, instead of one viscosity value for a given pressure and temperature, viscosity would depend on shear rate according to the Carreau equation. 25 Even the initial slope of the traction curve may seem to change as a result, because the critical shear stress for the transition to non-Newtonian behaviour is in the range of 5 MPa and will be exceeded already at very small slide-toroll ratios. Therefore, using the averaging approach without considering the local shear stresses based on physical models and laboratory measurements, one can only derive 'equivalent' or 'effective' rheological parameters fitted to make the Bair-Winer model match the measured data.
Characterisation of viscoelastic properties
The analysis of traction curves in the vicinity of the origin principally allows to study the influence of viscous and elastic fluid properties almost independently from the questions concerning the limiting shear stress and frictional heating. However, as pointed out before, it is hard to escape from the effects of shear thinning. The measured data for 1 GPa average Hertzian contact pressure in Figure 1 were in a first step stripped of the portion of slip contributed by the elastic deformation of Figure 11 . Longitudinal elastic strains at the surface in the vicinity of the contact due to tangential traction, FE-calculation with no-slip restraint.
the contacting solid bodies in order to obtain the true relationship for the fluid itself. For that purpose, two methods were applied and compared. The experimental approach was to experimentally determine the slope at the origin by carefully cleaning the surfaces and measure traction and slip in the vicinity of the origin in dry conditions. Because the maximum coefficient of friction in dry condition exceeds 0.15, traction is practically proportional to slip in the range investigated. Then, the elastic strains at the surface of the discs were determined using a finite element model (FEM) of the two discs with an appropriate discretisation in the contact zone. As in this case only the linear behaviour at very small slip values is of interest, the onset of a sliding zone at the trailing edge of the contact can be neglected and no relative motion was allowed between the surface elements. One way to determine slip is then to add the amounts of the tangential surface strains caused by traction at the inlet of the contact area ( Figure 11 ) Figure 12 shows the excellent match of experimental and FEM results showing that the elastic deformations of the solid bodies substantially contribute to overall slip. Subsequently, the measured curves with combined slip are transformed into the curves of fluid slip by subtracting the elastic solid body slip 'A' contributed by the rollers (Figure 12 ). The theoretical traction curve for a dry contact and Coulomb-type friction according to Carter 11 is indicated as well. The Coulomb friction coefficient f max was chosen equal to the maximum traction coefficient found in lubricated condition. The discrepancy between dry and lubricated traction curves clearly indicates the viscoelastic contribution of the fluid. It should be noted that, in contrast to the fluid contribution, the slip produced by the elastic deformation of the rolling elements is completely independent of rolling speed and therefore only needs to be determined once for a given normal load and contact geometry. The curves representing fluid behaviour are then further transformed by calculating average shear values and shear rates by relating the tangential displacement of the walls given by slip to the central film thicknesses 
with Figure 13 explains the meaning of these expressions. The central film thicknesses were calculated as shown before according to Hamrock 17 using the pressure viscosity coefficients determined for 200 MPa pressure. Additionally, the friction coefficients were transformed into mean shear stresses as explained earlier in this article. Subsequently, the average shear stresses were plotted against average shear strain ( Figure 14) as well as against average shear rate ( Figure 15 ). The purpose was to judge if the fluid is predominantly behaving elastic or viscous. Purely elastic behaviour would result in identical curves versus shear rate irrespective of speed, while purely viscous behaviour should yield identical curves versus shear rate.
None of the two methods of representation delivers identical slopes through the origin, indicating viscoelastic behaviour. With increasing rolling speed, the slopes versus shear rate decline. As we are in the nearly isothermal region, this should not simply be attributed to a thermal reduction of viscosity. However, an elastic contribution to shear would principally increase the apparent shear rate, especially at elevated rolling speeds as it then builds up during a shorter passage time through the contact. With decreasing rolling speed, the viscous shear rate becomes more dominant. In contrast, when plotting against shear, the highest rolling speed delivers the steepest slope which should tend towards G 1 . With decreasing rolling speeds, the viscous relaxation becomes more and more prominent due to the extended passage times through the contact and hence the slope declines. An iterative approach to find the best fit to the measured slopes in the vicinity of the origin for all three rolling speeds investigated resulted in G 1 ¼ 230 MPa and ¼ 0:03 MPas.
From the initial slope at 12 m/s and Dyson's approximation of G 1 as about four times l , 7 a value around 230 MPa would indeed be a good estimate. However, according to laboratory measurements by different authors, 2,26-28 the real shear modulus should be much higher, up to more than 2 GPa. Also, the chosen viscosity is far below the range indicated by the extrapolation of laboratory measurements according to Tait-Doolittle. Therefore, as stated above, one should The results were treated like a constitutive model for the fluid and then applied to the rolling contact in the two-disc machine in an attempt to reproduce the measured traction curves.
With the selected parameter set, the Bair-Winer relation was able to reproduce the slope of all measured traction curves around the origin by setting equal to " , respectively equal to " in the contact (Figures 16, 17  and 19 ). With increasing shear, respectively, shear stresses the slopes of the measured curves become less steep and the limiting values l are reached at larger shear values than with the formula. However, the formula is supposed to give the real relationship for the fluid which can be locally applied, whereas the measurements represent an averaged shear stress as a function of average shear in the contact. When defining " as the shear in the middle of the contact, the minimum shear at the inlet will be 0 and the maximum shear at the outlet 2 "
, if one assumes constant film thickness and relative tangential velocity throughout the contact ( Figure 13) . Therefore, the limiting shear stresses will not be reached at all points of the contact area at the same time. If the assumption of a sensible contribution of elastic shear strain would hold true for the entire contact, infinitely high slip values would be required to reach the limiting stress at the inlet to the contact, as shear strain always starts from zero and increases during the passage of the contact. As a first approximation, one may integrate over the interval from 0 to 2 " in order to obtain the corresponding " , in rolling contact ( Figure 18 )
In this way, one obtains modified Bair-Winer curves for the rolling contact which match the measured values quite well, especially for 5 and 12 m/s, (Figures 16, 17, 19 and 20) , where shear stresses are plotted versus shear strain. Obviously, as the same data are used, the same good match results when plotting the shear stresses against shear rate instead of shear strain ( Figure 21 ). Because of frictional heating, the measured curves depart from the predicted ones at a frictional power of about 4 W/mm 2 , while the theoretical isothermal curves continue to rise asymptotically to the assumed value of l . When plotting traction curves with different rolling speeds and constant contact pressures instead of versus slip versus the mean relative or sliding velocity in the contact ( Figure  22 ), the decline always appears to start around 100 mm/s and the curves will converge into one single function at elevated sliding speeds, underlining the thermal nature of this effect. At constant normal load, the sliding speed is a measure of the frictional power dissipated in the contact. For 2 m/s, a certain 'delay' of shear stress build-up with shear appears for the measured curves (Figure 16 ). At the beginning of the 'plateau', the shear stress values are comparable close to the ones obtained at higher rolling speeds and only with further increasing shear they continue to rise to their maximum. This may indicate a slight time dependency of the limiting shear stress; the time a fluid particle is spending under the high pressures in the contact is much longer with the lower speed and would therefore allow higher limiting shear stresses to develop.
It should be stressed again, though, that the nonlinear variations of limiting shear stress across the contact due to pressure and temperature variation are neglected in the simplified approach applied here and a more thorough analysis as in the study of Olver and Spikes 13 and Morgado et al. 29 needs to be performed.
Applications to rolling element bearings and toroidal drives
The results described above have already been successfully applied to two tribological systems. In case of angular contact ball bearings, spin substantially contributes to the overall bearing friction torque and hence, the traction characteristics of the lubricant are crucial. Figure 23 demonstrates the good correlation obtained with measurements using the limiting shear stress dependencies on pressure, temperature and speed described above. Due to the spin-to-roll ratios involved, the influence of viscoelastic fluid properties and of the elastic deformations of the contacting bodies is negligible in this example. The local limiting shear stresses in each point of the contact area are therefore determined and integrated to deliver the spin torque.
The same simplifying assumption was originally made for toroidal traction drives, while thermal correction factors were introduced to account for the frictional heating in the contacts due to the high amounts of spin and longitudinal slip. In case of a full toroidal variator spin-to-roll ratios are always in Figure 23 . Contributions to frictional torque for an angular contact ball bearing grease lubricated with a barium complex thickener and ester oil 1 as base oil. 30 Figure 24. Measured and calculated traction/slip relationships for a full toroidal variator geometry. 3, 4 a range where the limiting shear stresses will be reached almost all over the contact area. Accordingly, a very good match with measurements is visible in Figure 24 . However, half toroidal variators work with considerably less spin and, therefore, deviations between measurements and simplified calculations appear in Figure 25 . When considering the elastic slip values contributed by the rolling elements in Figure 12 , these may well serve as an explanation for those discrepancies and, therefore, need to be included.
Conclusions
The evaluation of two-disc roller test traction data presented in this article strongly supports the concept of a Mohr-Coulomb-type limiting shear stress in elastohydrodynamic lubrication contacts. At least, there is no evidence against it. A more complete picture is expected from the continuation of the work of Jacobson 16 with the high pressure rheometer at Lund University currently under way.
The influence of various parameters on the assumed limiting shear stress was studied in detail with results deserving further investigations. It could also be demonstrated that the limiting shear stress characteristics dominate friction in angular contact ball bearings and traction drives and that computations based thereupon will deliver realistic results. When properly accounting for the elastic compliance of the contacting solid bodies, using viscosity and elastic shear modulus as fitting parameters and applying the correct limiting shear stress, the Bair-Winer model is able to correctly approximate measured traction curves over a wide range of rolling speeds with one identical fitting parameter set. This approach is acceptable for practical purposes; however, it is doubtful if the fitted values of viscosity and elastic modulus represent the real properties of the fluid. Instead of averaging, it would be more realistic to base computations on the local properties of the fluid film in the contact area including a physically correct modelling of shear thinning. This has already been successfully attempted. 31 A next step should consist in including the mixed lubrication regime and to compute local shear stresses based on the real pressure distribution due to roughness. 
